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The tensor force, as an important component of strong nuclear force, generates a variety of intriguing effects
ranging from few-body systems to neutron stars. It is responsible for the nucleon-nucleon correlation beyond
mean-field approximation, and is accordingly proved to play no role in the standard Skyrme energy density
functionals in the present work. Therefore, the Skyrme’s original tensor interaction that is extensively-employed
presently is invalid. As an alternative strategy, we introduced a central interaction, i.e., the σ1 ·σ2 term, to
improve the description of experimental single-particle structure, and to address its effect, we established two
Skyrme interactions IMP1 and IMP2 complemented by the calibrated charge-violating interactions. The central
σ1 ·σ2 interaction turns out to substantially improve the description of shell evolution in Sn isotopes and N = 82
isotones.
I. INTRODUCTION
Exotic nuclei far away from the β -stability line exhibit many
novel and striking features, which are at the exciting forefront
in the contemporary nuclear physics and open an intriguing
test ground for nuclear models [1–3]. A fundamental under-
standing of how the shell structure evolves from stable to ex-
otic nuclei, and how it impacts the relevant nuclear structure
properties and the r-process of nucleosynthesis, is one of the
primary challenges of modern experimental and theoretical
nuclear physics. The tensor force, as a non-central compo-
nent of the realistic nuclear force, is generally believed to play
a significant role, in particular in the shell evolution [4] and
spin-isospin excitation such as the Gamow-Teller and spin-
dipole states [5]. Moreover, the short-range correlation (SRC)
(creating a high-momentum tail), dominated by the strong ten-
sor force between unlike nucleons, has far-reaching impact on
areas as diverse as the nuclear structure [6, 7], transport prop-
erties and superfluidity of dense nuclear matter [8, 9], neutron
star cooling [8] and the EMC effect [10, 11], highlighting the
fundamental importance of the tensor force.
A zero-range tensor potential was present in the original
Skyrme interaction [12], and its role in the evolution of the
nuclear single-particle levels was discussed firstly by Stancu
et al [13]. Over the past decade, the interest for the ten-
sor force was revived [14–17], driven by the production of a
large amount of new exotic nuclei following the development
of modern radioactive beam facilities and experimental detec-
tors [18]. In this work, combined with the framework of an ab
∗dongjm07@impcas.ac.cn
initio method, we demonstrate that such a widely-used tensor
force is invalid, and then we propose a new scheme to replace
this counterfeit tensor force so as to improve the description
of single-particle levels.
II. WHY IS THE TENSOR COMPONENT OF THE
SKYRME INTERACTION INVALID?
Our starting point is the tensor force in microscopic many-
body approaches. For infinite homogeneous nuclear matter
system, the momentum distribution around the Fermi level
significantly departs from the typical profile of a degenerate
ideal Fermi gas as the result of the SRC [19–22], where the
SRC is predominantly caused by the short-range repulsion
core and the tensor interaction [7] (Some authors distinguish
the tensor correlation from the short-range correlation, but
here we do not). The tensor force acting only on spin-triplet
states of a two nucleon system, provides a strong attraction in
T = 0 channel, i.e., the 3SD1 channel, which is responsible
for the binding of deuteron and is indispensible for the bind-
ing of symmetric matter at saturation density. Here 2S+1LJ de-
notes the state of relativemotion between two nucleons, where
L, S and J are the relative orbital angular momentum, the
spin and total angular momentum, respectively. As the AV18
interaction is able to reproduce the deuteron properties, its
tensor-force component is well-defined and is consistent with
the deuteron structure. The momentum distributions (occupa-
tion probability versus momentum k) achieved from ab initio
Brueckner theory with the bare AV18 interaction, as present
in Fig. 3 of Ref. [23], indicate the symmetric matter system
deviates from the right-angle distribution more sizeably than
the pure neutron matter system, which means the correlation
2in the former is much stronger than that in the latter [6]. This
is because the most dominant tensor interaction stems from
the off-diagonal 3SD1 neutron-proton coupling that is power-
ful for symmetric matter but vanishes for pure neutron mat-
ter, which probably indicates that the neutron-rich nuclei can
be better described by mean-field or energy-density functional
approaches.
We attempt to derive an effective tensor potential supple-
mented to zero-range Skyrme interactions. It is well-known
that, the simplification of the Fourier transform
Vk′k =
∫
e−ik
′·rV (r)eik·rdr, (1)
via low-momentum expansion to the 2nd-order of k or k′
gives the zero-range momentum-dependent Skyrme effective
interaction, where r = r1− r2 is the distance between two
nucleons. The operator k= (
−→
∇ 1−
−→
∇ 2)/(2i) acts on the right
and k′ = −(
←−
∇ 1−
←−
∇ 2)/(2i) acts on the left. We employ the
well-defined tensor force of
VT (r) = fT (r)S12(r), S12(r) =
3(σ1 ·r)(σ2 ·r)
r2
−σ1 ·σ2,
(2)
in coordinate space, and then the final Skyrme-type interaction
in momentum space requires to be achieved via the Fourier
transform of Eq. (1). The Skyrme’s original tensor force
was introduced in an unreasonable way, because the tensor-
force operator S12 in momentum space but with a r-dependent
strength, i.e., fT (r)S12(k), is applied as a starting point.
However, unlike the central force, the integral of Eq. (1) for
the tensor-force component is difficult or even impossible to
work out since the interaction is anisotropic and eik·r is not the
eigenstate of VT (r). To this end, we separate the spin wave-
function χσ from the full wavefunction φ(r,σ,τ ), and then
calculate VT,k′k =
∫
χ†σ1χ
†
σ2e
−ik′·rVT (r)e
ik·rχσ2χσ1dr which
is exactly the interaction matrix element in the framework of
Brueckner theory. By employing the angular momentum al-
gebra, its explicit expression is written as the sum of contribu-
tions from various partial-wave channels via
VT,k′k = ∑
J,mJ
∑
L,mL
∑
L′,mL′
∑
ms,ms′
(4pi)2 iL−L
′
C
1ms
1
2ms1
1
2ms2
C
JmJ
LmL1ms
C
1m′s
1
2ms1
1
2ms2
C
JmJ
L′m′L1m
′
s
Y
mL′ ∗
L′
(k̂′)Y mLL (k̂)
[
2δL′,JδL,J +
δL′,J−1δL,J−1
2− 2J
2J+ 1
+ δL′,J−1δL,J+1
6
√
J(J+ 1)
2J+ 1
+
δL′,J+1δL,J−1
6
√
J(J+ 1)
2J+ 1
− δL′,J+1δL,J+1
2(J+ 2)
2J+ 1
]
·
∫
jL′(k
′r) fT (r) jL(kr)r
2dr, (3)
where Y
mL
L (k̂) is the spherical harmonic and jL(kr) is the Lth-
order spherical Bessel function.
TABLE I: The individual reasons for the drop of each tensor channel
in Skyrme-type interaction,©: exactly zero according to Eq. (3);⊗:
zero due to the orthogonality between spherical harmonics for off-
diagonal matrix element; ⊠: the order of O(k2) beyond standard
Skyrme forces; △: can be reabsorbed into existing Skyrme compo-
nents.
Channel V
(L,L)
T V
(L,L+2)
T V
(L+2,L+2)
T
3SD1 © ⊗ ⊠
3P0 △ – –
3P1 △ – –
3D2 ⊠ – –
3PF2 △ ⊗ ⊠
For uniform nuclear matter, the off-diagonal matrix ele-
ment, i.e., VT,k′k(
3LJ −
3 (L+ 2)J) plays no role for the bind-
ing energy directly in the mean-field approximation due to
the orthogonality between Y
mL′∗
L′
(k̂′) and Y mLL (k̂) for L , L
′,
but it is essential for the correlation between nucleons par-
ticularly the 3SD1 tensor channel. In finite nuclei, such off-
diagonal matrix elements are also expected to have no role
under the mean-field approximation which can be interpreted
as the vanishing monopole component that averages over all
orientations of k. The diagonal element VT,k′k(
3S1−
3 S1) is
exactly zero in terms of Eq. (3), whereasVT,k′k
(
3D1−
3 D1
)
∝∫
j2(k
′r)VT (r) j2(kr)dr is in the order of k
4 that is beyond
the standard Skyrme interactions. The non-zero monopole
component of triplet-odd tensor terms, VT,k′k(
3PJ −
3 PJ) ∝∫
j1(k
′r)VT (r) j1(kr)dr ∼ k
′ · k, can be reabsorbed into the
existing t2-x2 term in Skyrme interactions. The four types of
reasons why each tensor channel is dropped in Skyrme-type
interaction are summarized in Table I. In short, one cannot in-
troduce the tensor force in the standard Skyrme-Hartree-Fock
calculations additionally, and the tensor-force-induced corre-
lation between nucleons leading to Fermi surface depletion
of dense matter systems, as shown in Fig. 3 of Ref. [23], is
completely unavailable since it is beyond the mean-field ap-
proximation. As a consequence, the role of the tensor force in
Skyrme energy density functionals is eventually clarified. As
pointed out in Ref. [24], a zero-range implementation of the
tensor interaction in the Skyrme-type interaction is problem-
atic, and the role of correlations is required to be understood.
3TABLE II: IMP1 and IMP2 Skyrme parameter sets. aCSB is de-
termined by the Brueckner-Hartree-Fock method with AV18 interac-
tion [25]. The bottom grouping shows the corresponding properties
of symmetric nuclear matter, including the binding energy per nu-
cleon B/A, the incompressibility K∞ and the isoscalar effective mass
m∗∞/m at saturation density ρ0, the symmetry energy J and its slope
L at ρ0. The maximum neutron star mass Mmax, and a radius R for
a canonical neutron star, along with the neutron skin thickness and
symmetry energy coefficient of 208Pb are also listed.
parameter IMP1 IMP2
t0 (MeV fm
3) -2380.9896 -2349.5057
t1 (MeV fm
5) 486.7908 506.4560
t2 (MeV fm
4) -351.2604 -347.7734
t3 (MeV fm
3(1+γ)) 12614.2135 12265.1049
x0 1.0866 1.1719
x1 -0.7449 -0.8106
x2 -1.0000 -1.0000
x3 1.8933 2.0937
W0 (MeV fm
5) 127.3999 122.8769
γ 1/6 1/6
aCSB (MeVfm
−3) -1.0513 -1.0513
aexc 0.30 0.28
Us 0 -2218.5231
Ut 0 1851.2276
J2 term No Yes
ρ0 (fm
−3) 0.160 0.160
B/A (MeV) -16.0 -16.0
K∞ (MeV) 236 239
m∗∞/m 0.65 0.64
J (MeV) 32.1 31.8
L (MeV) 44 43
Mmax (M⊙) 2.1 2.1
R1.4M⊙ (km) 11.7 11.8
∆Rnp(
208Pb) (fm) 0.15 0.14
asym(
208Pb) (MeV) 23.9 23.9
III. A NEW STRATEGY TO IMPROVE SHELL
EVOLUTION WITHIN SKYRME FUNCTIONALS
A question arises immediately: the tensor force, such as the
strong attractive 3SD1 channel responsible for deuteron struc-
ture, does not directly contribute to the standard Skyrme in-
teraction, can we introduce the other mechanism to reproduce
the experimental single-particle structure? The answer to this
question is provided below.
The σ1 · σ2 term, as a central force, is ex-
pected to appear in bare nuclear interaction such
as the one-pion exchange potential VOPEP(r) =
f 2pi mpiτ1 · τ2 [ f (r)S12+σ1 ·σ2e
−mpi r/(3mpir)] [18], which
is regarded as the remainder of spin- and isospin-dependent
meson-nucleon couplings after the tensor force is sepa-
rated. The non-zero (σ1 ·σ2)(1−P
rPσ Pτ) can be achieved
for four spin-isospin-parity (S, T , P) channels, including
(1,0,+), (0,1,+), (0,0,-) and (1,1,-). Here Pr, Pσ and Pτ
are the position-, spin- and isospin-exchange operators.
It should be noticed that the (1,0,+) and (0,0,-) channels
give the same kind of contribution to the density functional
(∝σ1 ·σ2(1−δq1q2)); and also the (0,1,+) and (1,1,-) channels
give the same kind of contribution (∝ σ1 ·σ2). Accordingly,
we only take into account the (1,0,+) and (1,1,-) channels with
new-defined strengthes for the sake of discussion, and here
the approximation of Pτ12 = δq1q2 is dropped. The effective
zero-range interaction corresponding to such a central σ1 ·σ2
component is written as
Vσ = σ1 ·σ2
{
Us
4
[
k
′2δ (r)+ δ (r)k2
]
+
Ut
2
k
′δ (r)k
}
, (4)
with the coupling strength Us and Ut as free parameters. This
component only modifies the Hsg term that is generated by
the tensor coupling with spin and gradient, and it is expressed
as
Hsg =
[
−
1
16
(t1x1+ t2x2)−
1
16
(Us +Ut)
]
J
2+[
1
16
(t1− t2)+
1
16
Us
](
J
2
n +J
2
p
)
, (5)
where J is the spin density. Correspondingly, the strength for
the spin-orbit potential for spherical nuclei is given by
U
(q)
s.o. =
W0
2r
(
2
dρq
dr
+
dρq′
dr
)
+
(
α
Jq
r
+β
Jq′
r
)
, (6)
where q(q′) denotes the like (unlike) particles. The first term
on the right-hand side arises from the Skyrme spin-orbit inter-
action, while the second term includes the contributions of a
central exchange term and the σ1 ·σ2 term, i.e., α = αc +ασ ,
β = βc +βσ , which are expressed as
αc =
1
8
(t1− t2)−
1
8
(t1x1+ t2x2) , (7)
βc = −
1
8
(t1x1+ t2x2) , (8)
ασ = −
1
8
Ut , (9)
βσ = −
1
8
(Us +Ut) . (10)
Therefore, the onset of the central σ1 ·σ2 interaction is re-
sponsible for the spin-orbit splitting.
To assess the effect of the σ1 ·σ2 interaction on the single-
particle structure, we establish new Skyrme interactions. The
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FIG. 1: Energy differences between the 1h11/2 and 1g7/2 single-
proton states along Sn isotopes, between 1h9/2 and 1i13/2 single-
neutron states along the N = 82 isotones predicted by the IMP2 (with
and without σ1 ·σ2 interaction) and IMP1 forces, compared with ex-
perimental data [33].
empirical properties of infinite nuclear matter around the sat-
uration density, and the well-determined ground-state observ-
ables of a selected set of closed-shell nuclei, are taken ad-
vantage of to accurately calibrate Skyrme parametrizations
through a chi-square minimization procedure. The equation
of state of pure neutron matter given by the realistic calcula-
tion AV18+δv+UIX∗ of Akmal et al. [26] is included in the
fits for its good description of neutron star properties. The
spin-orbit strength is adjusted by choosing the single-particle
energy splittings of neutron 3p in 208Pb, and neutrons and
protons 2p in 56Ni. Furthermore, the symmetry energy co-
efficient asym of
208Pb that has been achieved with the wealth
of measured data on nuclear masses and decay energies [27],
is employed as an important isovector benchmark for a reli-
able construction of density functionals for the first time. The
center-of-mass corrections to the binding energy of finite nu-
clei is obtained by Ec.m. = 0.75(45A
−1/3− 25A−2/3) MeV as
introduced in Ref. [28].
The effective two-body charge-symmetry breaking (CSB)
nuclear interaction from the Brueckner-Hartree-Fock ap-
proach [25] for asymmetric matter, in completely contrast
to Ref. [29], and the renormalized coulomb coupling coef-
ficient e20 = e
2(1+ aexcZ
−2/3) phenomenologically embody-
ing many complicated corrections [30], are introduced aim-
ing to reproduce the experimental Coulomb displacement en-
ergy (CDE) of mirror nuclei (the binding-energy difference
between two members of a mirror pair) and the excitation en-
ergy of isobaric analog state (IAS). Accordingly, it reconciles
our knowledge of the symmetry energy around the saturation
density with the IAS energy in a heavy nucleus. The insignif-
icant charge-independent-breaking interaction is dropped in
the present study.
A parameter set that neglects the J2 term just as the widely-
used SLy4 [31] is built, referred to as the ‘Institute of Modern
Physics 1’ (IMP1) interaction. Then we provide the other pa-
rameter set ‘IMP2’ that includes the J2 term together with
σ1 ·σ2 interaction of Eq. (4), keeping the merits of IMP1 for
global nuclear properties, and the single-particle energy dif-
ferences between proton 1g7/2 and 1h11/2 for
120Sn and 132Sn,
and between neutron 1h9/2 and 1i13/2 for
146Gd and 132Sn
serve as additional calibrations. Both two parameter sets, and
the resulting properties of bulk nuclear matter, neutron star
and finite nuclei, are listed in Table II. The rms deviation of
the binding energy and charge rms radius are 1.2 MeV (1.3
MeV) and 0.035 fm (0.037 fm) for IMP1 (IMP2) force re-
spectively, which are satisfactory (at the 1% level or better).
Intriguingly, the new interactions are quite successful in the
description of a variety of CDE of mirror nuclei that results
from the charge-violating interactions. For example, for the
mirror pair of 48Ni-48Ca, the theoretical results of 67.00 MeV
(67.30 MeV) within the IMP1 (IMP2) force, is in excellent
agreement with AME2016 value of 67.28(48) MeV [32]. In
addition, the maximum neutron star mass, and a radius for
a 1.4M⊙ canonical neutron star, are compatible with astro-
physical observations. Therefore, these two parametrizations
enable us to investigate the global nuclear properties reliably.
We mainly concentrate upon the effect of the centralσ1 ·σ2
interaction. In Fig. 1, the isospin-dependence of the energy
differences ∆ε between 1h11/2 and 1g7/2 single-proton states
outside the Z = 50 core along the Sn isotopes, and between
1h9/2 and 1i13/2 single-neutron states outside the N = 82 core
along the N = 82 isotones, are displayed as a function of the
neutron excess N − Z, calculated with the IMP1 and IMP2
forces in comparison with the experimental measurements.
The interaction IMP1, and also the IMP2 without the σ1 ·σ2
component, fail to reproduce the experimental trend qualita-
tively, whereas the full IMP2 force improves the agreement
with experimental data considerably without destroying ex-
isting description of nuclei, being attributed to the additional
σ1 ·σ2 term of Eq. (4). In other words, the σ1 ·σ2 interaction
has a robust and systematic effect on the single-particle levels
of nuclei and hence shell evolutions.
5IV. SUMMARY AND OUTLOOK
Based on the derived tensor force in momentum space via
partial-wave expansion, we demonstrated that the tensor force
plays no role in Skyrme density functionals, and hence the in-
validity of the widely-employed tensor force of the Skyrme in-
teractions. The tensor force we discussed here is well-defined
and is responsible for the deuteron structure and nucleon-
nucleon correlation. Then we proposed a new strategy to
improve the shell evolution, i.e., by introducing the central
σ1 ·σ2 interaction. To examine our strategy, two Skyrme in-
teractions (IMP1 and IMP2) were built, where both the effec-
tive CSB interaction and the renormalized coulomb coupling
coefficient are introduced. The shell evolution in Sn isotopes
and N = 82 isotones can be well reproduced.
Essentially, the physical picture that the nucleons move as
independent particles subject to a mean field generated by
all the other nucleons, is apparently oversimplified. Conse-
quently, the self-consistent mean-field calculations cannot be
expected to accurately describe experimental single-particle
energies and hence the isospin-dependence of shell structure.
The underlying mechanisms beyond the mean-field approxi-
mation that account for the single-particle structure, such as
the tensor force, the short-range repulsion core and the par-
ticle vibration coupling, are still subjects of great challenge.
Their effects on the single-particle structure are considered
to be phenomenologically embodied into the σ1 ·σ2 interac-
tion through parameters fitting. Therefore, the parameter sets
that is applicable to shell evolutions cannot be anticipated to
be valid any more for excited states such as Gamow-Teller
and spin-dipole states. In the long term, how to include the
nucleon-nucleon correlations that are induced by tensor force
and short-range repulsion, based on energy-density function-
als, is an essential scientific problem in nuclear physics, and
work along this line is underway.
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